
Quantum group related to the space of differential operators on the quantum hyperplane

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 905

(http://iopscience.iop.org/0305-4470/26/4/017)

Download details:

IP Address: 171.66.16.68

The article was downloaded on 01/06/2010 at 20:51

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys k. Malh. Gen. 26 (1993) 905-911. Printed m the UK 

Quantum group related to the space of differential operators 
on the quantum hyperplane 

Department of Applied Mathematics and Theoretical Pbysics, University of Cambridge, 
CB3 9EW. LIK 

Received 27 April 1992 

Abslrad. Quantum group dqp b constructed and investigated. l l i e  Hopf algebra 
structure of the differential calculus on the quantum Euclidean space is @en. Elements 
of the theory of representation of A, are presented in comparison with the general 
method dewlibed by Fadeev, ReshetiWin and lllihtajan. A,, at roo& of unity is 
analysed. 

1. Introduction 

In recent years quantum groups have attracted the attention of a large group of 
mathematicians and physicists. From the mathematical p i n t  of view quantum groups 
are understood in two different ways: as (quasi-triangular) Hopf algebras [I, 4,q  or 
as C' algebras [16]. In the former the concept of quantum groups arises from the 
quantum method of solving the inverse problem (71 and from the effective methods 
for solving the quantum Yang-Baxter equation [5,8]; in the latter the quantum group 
becomes an interesting example of operator algebra and non-commutative geometry 

On the other hand differential structures on quantum groups I151 and quantum 
spaces 1141 are of peat practical importance. They arise from the concept of non- 
commutative differential geometry [3]. The quantum hyperplane is the simplest 
example of a non-commutative space. Differential structures on the quantum 
hyperplane were classified in [Z]. In this article we construct a non-commutative and 
non-co-commutative Hopf algebra (quantum group) A,, which is an Ndimensional 
generalization of the Hopf algebra considered in [13]. The Hopf algebra A,, is 
isomorphic to the algebra U of differential operators related to the calculus on the 
Ndimensional quantum hyperplane. In this way we prove that 0 is a Hopf algebra 
and answer (partially) the question asked by Manin in [IO]. 

We also present a representation theory of d4, and discuss the possibility of a 
construction of A,, in the case when the deformation parameters are roots of unity. 
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2. Construction of Aqp 

Let A,, = @ [ [ X I , .  . . X,, P,,. . . P,]]/I (formal power series in 2N variables) 
N E N, where I,, is a two-sided ideal in @ f X i , .  . . , X,, P,, . . . , P,]] given by the 
following relations 

X i X j  = Q i j X j X i  P.P. * I  = P.P. 1 '  (1) 

x i p j = q i j p i x i  (i+j) x ; p ; = p ; p i x i  (2 )  

where p i ,  qii E @ - {O}, qij  = q];', i, j = 1,. . . , N. A,, is an associative algebra 
with unity I. For the time being we assume that all parameters are not roots of unity. 
Introducing Glinear maps A,, A, : A,, -+ A,, @A,, and e : A,, 3 C defined as 

A R ( X i )  = Xi  @ I t Pi @ X i  

A , , (P j )  = Pi @ Pi 

A L ( X i )  = I t3 Xi t Xi  @ Pi 

Ax,,( I) = I @ I 
€ ( X i )  = o  €(P i )  = € ( I )  = 1 (3) 

we equip A,, with a bialgebraic structure (cf [ I ] )  (i.e. A R , L , ~  are algcbra 
homomorphisms). Furthermore, if we mume that all Pi are invertible and define 
Clinear maps S,, S, : A,, -t A,, such that: 

S,( Pi) = E- ' SR(X;)  = -PFIX;  S,(I) = I (4) 

S,(P;) = e-' S,(X;) = -xip;l S,(I) = I (5) 

then we can make (Aqp,AR,E,SR), ( A , , , A L , ~ , S L )  into Hopf algebras (quantum 

Let us denote the set of aU bialgebras (A,,,A,,e) ((d,,,A,,e) respectively) 
by BigR,(BigL respectively) and the set of all Hopf algebras (dqp ,AR,< ,SR)  
((A,,, A,, e ,  S,) respectively) by Hopf, (Hopf, respectively). If A,, E IIopf, is 
generated by the set { X i , P i }  then elements I: = P;'X,, Qi = Pi generate an 
algebra A,-,,-, E Hopf,. Hence the sets Hopf, and IIopf, are isomorphic. Hence 
we can restrict ourselves to the elements of Big,, HopfR only. To avoid unnecessary 
complications in the notation we omit the subscripts R 

Due to [6] (cf [IZ]) we say that A:, is a comp~~$calion of A,, if A:, is a 
*-Hopf algebra (i.e. a Hopf algebra with involution). We also say that algebra ATp 
is a reai$cation of A,, if At, is a *-Hopf algebra and X ;  = Xi, P: = Pi for any 
i = 1, .  . . , N. One can easily see that A,, E Hopf admits realification if and only if 

i' = N f 1 - i, j ,  = A' + 1 - j ,  i , j  = 1,. . . , N then A,, can be complexified in 
such a way that X :  = X i ( ,  P: = Pi,. 

groups). 

qii,pi E Si. If, moreover, N is even and q i l j ,  = q;i, q iP j  = q;,i, pipi, I _  - 1, where 

3. Differential operators on the quantum Euclidean space 

As is well known [U] the N-dimensional quantum Euclidean space (or, precisely, the 
space of functions on the N-dimensional quantum hyperplane) is understood to be 
the algebra 

. .  
C r  =@[[.I, ...,.,I]/(.'.' -q;;.Jzi) 
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where qij  = q;' E C - IO}, Z , J  = 1, ..., N .  'lb introduce. differential structure 
on the quantum hyperplane we have to define the Glinear, nilpotent operation d on 
Cf, taking values in the CY-bimodule A'@:, generated by the elements dr ' ,  i.e. any 
element w E AICF is of the form Cf=ldxkwk, where wk E CN. Tb make d into 
an exterior differential we have to require that d obeys the L.eib& rule. Notice that 
since AICf is a Cf-bimodule, every element w E A'C: can also be represented as 
x f = l u i d z k .  In general w i  f: wk.  

Having defined exterior differentiation one can define derivatives (right and left) 
on CY, i.e. the linear operators DF,Di : Cy -+ Cy such that 

. .  

for any f E C y .  Differential calculus being non-commutative implies that left 
derivatives differ &om the right ones. Moreover derivatives do not obey the 
Leibniz rule. Instead one finds that there exist operators TG,T& : Cy -, C r ,  
i , j  = 1 , .  . . , N such that 

N 

DF(fs) = DFfg t c T $ f D j " g  
j=1 

( f , s  E Cy). 
According to [2] there exists a differential calculus (family I) wer ( C y  given by 

the relations: 
. .  

zi d r j  = qij d r j r i  ( i  # j) Z' dz' = pi dz '  z' (6) 

where p i  E C - IO}. Right derivatives take the form: 

1 f ( & .  . . , r i - I , p ; & , r i + 1 , .  . . , z N )  - f (x ' , .  . . ,rN) 
D? f ( r ' ,  ... ,zN) = - 

2 1  Pi - 1 

where 

f(z1, ..., z N ) =  f, ,,,, ,,(z')"'..(Z N ) i~ 
i,. .... i N  

fi , , , , jN E C. The symbol l/zi means that one has to transport the variable 
zi to the left and then decrease the power of E' by one. It is not difficult 
to establish that DsDy = q..DRDy and that matrix TR = (7';) has the form 
TR = diag(TF,. . . , T;), where 

U J 

TFf(r', . . . ,r N ) = f (q~~z1,q2izZ ,... , q j - l i r " - ' , ~ i " ~ , q i ~ l i r  i t 1  , . . . ,q,vir N ) 
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Putting w = (x')"' . . . ( c N ) " ~  we get 

DfTR(w) = p ; [ n , ]  : P %  (qliz')"' . . . ( ~ j - l i ~ i - l ) n ~ - ~ ( ~ j ~ i ) ~ ~ - l  . . . (q  N i ~ N ) n N  

Ti R R  Di ( w ) =  In.] (qli~l)n'...(q. 

Di R R  (w) = qij[ni]p,(qlj~l)nl .. , ( q j - l j X ' - l ) n . - l ( q i j X i ) n , - '  . . . ( q N j z  N ) n~ 

TRDP(w) = [ni],i(q,jxl)nl . . , ( q i - l j ~ i - l ) ~ * - l ( q ~ j X i ) ~ , - ' , . . ( q N j x  N ) n.v 

where [n],, = (@-l)/(pj-1). This immediately allows us to establish commutation 
relations between Ds and Ts, namely: 

.~'-')"'-'(p~.'))'"'-'...(q~~~ N ) n N  P. 1-11 

T,!?? = ~ ? T ; R  D~T,! = p i ~ F ~ q  ~ p r r ; "  = q i j T j " ~ P  ( i #  j ) .  (7) 

Comparing (7) with (1) and (2) we see that the algebra U generated by the 
right derivatives DF and matrix TR is isomorphic to A,, E Big, hence it possesses 
a bialgebraic stucture. One can easily repeat this consideration, replacing right 
derivatives by the left ones and TR by TL. Moreover, since operators T$ are 
invertible, the bialgebra U becomes Hopf algebra with the antipode defined by the 
relation (4). 

4. Representations of AqP 

Construction of the algebra 0 and its isomorphism to A,, suggests an immediate 
representation of the latter in the space F,,., of Canalytic functions of N-variables. If 
we denote by L ( F N )  the space of all linear operators in FN then the representation 
s : A,, 3 L ( F N )  in question is given by the relations 

. . , X N )  = 1 f(x1, . . . , Xi-',pili,Xi+l,, . . , I N )  - f(d,. . . , X N )  - 
XZ Pi - 1 

*(Pi)f(.',. . . ,XN)  = f ( 4 1 ; z l , q z p z , .  . .,q;-1i X i - l  , P i r " q i t l i X i + 1 ' .  .. .qNi" N ) 

s(P;l)f(d,...,cN) 

= f(qilzl ,qi ,r2, .  .. ,q;i-lxi-l>Pi - I  2 i ,%it1 X i + ' , .  . . , ' l i N Z N ) .  

In the theory of quantum groups (Hopf algebras) an important role is played 
by the notion of a co-module of the quantum goup. If A is a Hopf algebra then 
the algebra V is called a kjl A-co-module if there exists an algebra homomorphism 
6 : V -* A @ V such that 

(id, @ 6)6 = ( A  8 i d , )6  ( e  @ id)6 = id,. (8) 

Usually such a co-module V is interpreted (cf 161) as a quantum space, covariant with 
respect to the action of the quantum group A. Any A,, E Hopf can be associatcd 
with a space I' = C[[v,, . . . , v z N ] ] / I v ,  where I, is a two-sided ideal in the algebra 
@[[VI, .  . . , vzN] ]  generated by the elements 

"iVjtN - 'jtNVi v i tNvj+N - "j+NVi+N viv j  - q;jvjvi (9) 
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where i, j = 1,. . . , N .  The co-action 6 is given by the relations 

6(~j) = pi @ V i  -I- xi @ V ~ + N  ~ ( V ; + N )  = I @  V i + , v .  (10) 

Assume again that A is a Hopf algebra. According to [16] we say that 
U = (uij)&=, E M K ( A )  (here M,(A) stands for the space of all IC x K matrices 
with entries from A) is a K-dimensional co-representation of A if 

K 

A(u i j )  = C u i k  @ u k j  < ( U , . )  I 1  = S i j .  (1 1) 
k = l  

TWO co-representations U E M,(A) ,  w E M L ( A )  are said to be equivalent if there 
exjsts an invertible element A E M L x K ( C )  such that A ~ L  = wA. 

Applying these definitions to any A,, E Hopf one finds that the matrix 
U E A42N(d,p) with only non-zero entries: 

U,. %I = Pi uL;+Ni+N = %i+N = xi (12) 

i = 1,. . . , N is a co-representation of A,,. This co-representation is called a 
fundamental co-representation of A,,. 

namely w E M z N ( d q p )  with only non-vanishing elements wii  = I ,  = y: 
witNi = Xi. But co-representations U) and U are equivalent in the sense 
described above, and the matrix A E M z N ( C )  has only non-vanishing elements 
aiitN = aitNi = 1, i = 1,. . . , N. 

Comparing the definition of the elements of Big with the procedure described by 
Faddeev et d 161 (via the R matrix and relations Ru,u2 = uZu,R) one can easily 
show that the R matrix giving the relations (1) and (2) does not exist for a general 
choice of parameters p , , q i j .  This means that our Hopf algebra is not an algebra 
of functions on any quantum matrix algebra in the sense of [6]. Bialgebra A,, can 
be obtained from the R-matrix if pi = 1, i = 1,. . . , N. Here, for 71 we take the 
fundamental representation of A,, (12) and then R E M2Nao2N(C)  consists of the 
following non-zero elements (i, j = 1 , .  . . , N): 

It is not difficult to obtain another 2N-dimensional co-representation of A 

Ri+Nj+N,i+Nj+N = Ri+Nj,i+Nj = Rj i+N, j i+N = R ' '  l J , l J  " = q" 11 

5. AqP at mots of unity 

In this section we m u m e  that all parameters defininz A,, are roots of unity, i.e. that 
there exist integer numbers n i j ,  mi > 1 such that 

(qij)nci = (pi)"- = 1 (13) 

(we assume that nij  and mi are the smallest numbers obeying (13)). Condition 
' q i j ,  p i  are roots of unity' immediately implies that deformation parameters lie on 
the unit circle ( q i j , p i  E SI), hence it is possible to define the *-bialgebra A&, 
as a realication of dqP. If we now denote by Mi the least common multiple of 
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the numbers nij ,  mi, j = 1,. . . , N (i fixed) (Le. Mi = m(m,, nil , .  . . , n i N ) )  
then PiM;, i = 1, ... , N  belongs to the centre of dqp. Since E is an algebra 
homomorphism and E (  Pi)  = 1, E (  eMr) = 1. This means that we can put P y t  = I, 
therefore make any Pi invertible and define Hopf algebra structure on dqp. Using a 
similar argument one can establish that X y '  is forced to disapear in any irreducible 
representation of AqP. This condition seems to be strong and leads to the conditions 
which have to be put on pi and qij in order to preserve the homomorphicity of A, 
ie. = o implies 

A ( X i ) M s  = 0. (14) 

In general we have 

k=U 

where the coefficients cLb E @, n E N, k = 0, 1, . . . , n, i = 1,2,. . . , N are defined 
inductively 

(15) n+1-k i C k + l k  = P i  %k-l+ ",k Ch" = = 1 

k = 1, . . . , n - 1, n E N, i = 1,. . . , N .  These equations have a well known solution: 

where [n],! = [1],[2], . ..[n], is a quantum factorial. Coefficients cizk are then 
Gaussian polynomials or q-binomial coeffcients. 

Condition (14) is then equivalent to the condition 

C t k  = 0 (16) 

k =  l,.. . , M i  - 1, i = l,.. . , N .  
Let us consider polynomials IVi E @[.I, i = 1,. . . , N 

One can easily check that fL,k = pi -k (k+ l ) lZd&,k ,  k = 0,1,. . . , M i  obey 
conditions (15) therefore d L , k  = p i k ( k + 1 ) / 2 c L , k ,  hence condition (16) is equivalent 
to the following quation 

M, 

(17) W i ( X )  = p. + p i ( M ' + ' ) M ' / 2  = JJ(z - w;p; ' ( I w , t i j / z )  

k=l 

where ( w : ) ~ ,  = -1. 
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Equation (17) shows that condition (16) is equivalent to the existence of the 
permutations ui : {1, . . . , M i }  + ( 1 , .  . . ,Mi} such that 

(18) 4 . ( k ) P i  (M.tlIlZ = -pik. 

Comparison of the arguments of the left- and right-hand sides of (18) gives that 
(18) is equivalent to the following 

c i ( k )  = [hi + (1 - ai)(l f Mi)/2]modMi (19) 
where ai E 11,. ..,Mi} are such that arg(pi) = (27ra j ) /Mi ,  i = 1 , .  . . , N .  The 
functions ui are permutations if and only if 

L13D(ai,Mi) = 1 (20) 
(here the abbreviation E D  denotes the largest common divisor). This is the required 
condition which one has to put on the parameters pi in order to preserve the 
homomorphicity of A. Notice that parameters qij  can be completely freely chosen. 

Proposition. Let qi,,pi E S I  be given by equation (13) and Mi = 
L C M ( m i ,  ni l , .  . . , niN).  Let arg(pi) = 2.irai/Mi, where ai E { l ,  . . . , Mi}. Then 
A,, has a bialgebraic structure in the sense of (14) if and only if LCD(M~, a i )  = 1, 
for any i E {l,. . . , N } .  

The last consideration can be summarized in the following proposition. 
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